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The Mermin—Wagner Phenomenon and Cluster
Properties of One- and Two-Dimensional Systems

C. A. Bonato,'~* J. Fernando Perez,'* and Abel Klein>®
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We give optimal conditions concerning the range of interactions for the absence
of spontaneous breakdown of continuous symmetries for one- and two-
dimensional quantum and classical lattice and continuum systems. For a class of
models verifying infrared bounds our conditions are necessary and sufficient.
Using the same techniques we obtain “a priori” bounds on clustering for systems
with continuous symmetry, improving results of Jasnow and Fisher.
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1. INTRODUCTION

There are by now several papers(’™ proving absence of spontaneous
breakdown of continuous symmetry for one- and two-dimensional systems
at nonzero temperature, for not too long-range interactions. This is what we
call the Mermin—-Wagner phenomenon, as the basic ideas (and in some
cases even the techniques) are already present in their original papers,(®”
where the absence of spontaneous magnetization was proved for the
quantum and classical Heisenberg models.

In this paper we obtain best possible results concerning the range of
the interaction for the absence of spontaneous breakdown of continuous
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symmetries in one- and two-dimensional systems. In fact, our condition
Jip<eE(P)™ 'd’p = oo for a suitable function E(p) depending on the range
of the interaction, is also necessary for a class of systems satisfying infrared
‘bounds and sum rules. As proved in Ref. 8 for instance, for these systems
the condition [[1/E(p)]d’p < oo implies breakdown of continuous symme-
try.

The basic ideas of our proofs are borrowed from Ref. 1, and our
contribution consists in giving optimal conditions for the validity of the
arguments in Ref. 1 and also in showing that the same ideas can be used in
proving cluster properties of certain correlation functions. This last result is
a sharper version of results by Jasnow and Fisher.®®

Our results apply to classical and quantum systems both in the lattice
and in the continuum cases, and the only property of the equilibrium state
we use is Bogoliubov’s inequality. In particular we do not assume either
translation invariance of the state or of the interaction.

We also prove cluster properties of the type

-1
—cosp.x ,, }

l(A(O)B(x)>|2<const{ f ! 0 pJ

for A (or B) of the form A4 =[J,C] for some local C where J is an
infinitesimal generator of the symmetry group. These bounds are an im-
proved version of results by Fisher and Jasnow'® as they are pointwise
with no assumption about the “sign™ of the interaction: they depend only
on the range of forces and include many body interactions.

Our bounds are so to speak “a priori” as the rate of decay of
correlation functions are model and temperature independent. Better
(temperature-dependent) bounds are, of course, possible as for instance in
Ref. 10, but they will be model dependent.

In the Appendix we prove some estimates of independent interest as
they extend results of Ref. 8 concerning the infrared behavior of one- and
two-dimensional lattice systems with long-range interactions.

2. LATTICE SYSTEMS

2.1. Absence of Symmetry Breaking

We begin with lattice systems in order to make our ideas more
transparent. Our system is described as usual!® by a C* algebra of
observables @ =|J,-@, where the union is taken over all bounded
subsets A of Z%, v = 1 or 2; the bar indicates norm closure and @, is the C*
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algebra of observables in A. The continuous symmetry group is described
by a one-parameter group of automorphisms {e,,s € R} of @ such that
0,8, = @,. A state w is said to be invariant under the symmetry group if
w(0,4) = w(A), YA € @ and s € R. This is equivalent to

=0, V4ead

d
s w(o,4) o

If we assume the existence of local generators J(x) € &,,, x €2’
such that

—‘—1-(05/1)‘ =i[J,. 4], V4EE,

where J, = 3 o J(x), then the invariance of w is equivalent to
w([J4,4]) =0, VA€g&, andallA

For each x € Z’let o,(x) be the action of the symmetry group at the site x.
Following an idea of L. Landau (see Ref. 1), for a given function f: 7" >R
we define

o (f)= sf(x)(x) (2.1)

The only property of an equ111br1um state we are going to assume is
Bogoliubov’s inequality, which may then be written in the form(!?

Lo(o(na)_[ < b L4544 Nak)  @2)
where K = (d/ds)(d/ di)o,(f)o,(f)H]|,o,,—o From (2.1)
oK)= 3 JWI0VE) (3)

where j(x, y) = (d/ds)(d/dty(o,(x)o,(y)H)|;—¢, ;=0- In terms of local gen-
erators @(K) = 3, e of )f ()T G 1T (), HID.

The assumptions on H and f we are going to make (see Section 2.3)
will ensure that w(K) is well defined by (2.3) provided f(x) € {}(Z").

Theorem 1. Let j(x, y) satisfy the following properties:
@ jCx, y) = 7(p,%).
() j(x,) €12’y and Zyel.](x y=0,Vxez.
(i) There exists a function g € //(Z”) such that |j(x, y)| < g(x — ),
Vx,y €7, and

d’p
= 0 forall 6§ >0 2.4
flp|<8 E(p) @4
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where
E(py= 3 (1~ cos p-x)g(x) (2:5)
xez¥
Then the state w satisfying Bogoliubov’s inequality (2.2) is invariant under
the symmetry group.

Proof. Let A € &,, for some finite A C Z*. For simplicity let us take
0 € A. Then

_ (d/ds)e(o,(f)4)
5=0 J(0) 0

for any f: 7" —R such that f(x) = f(0) # 0, Vx € A. Bogoliubov’s inequal-
ity then reads

L o(0,4) 2.6)

2 A*A + 44* \ ©(K)
< B T ) o D

d
i < w(osA)iFO

From (i), (ii), and (iii),
oK <3 S [ - )] )

x,yEL’

"
N =

S, - 10Fs-n=[ SE1ForEp @9

xyeZ’
with the Fourier transform f( p) given by
f(p=Z e77f(x) and B,=[~mn]

Without loss of generality (see Remark at the end of the proof) we can
assume that there are y > 0 and § > 0 such that

E(p)>ylpl* for [p| <8 (29)
We introduce
= 1 )
E.(p)=E(P) Tf |pl < (2.10)
E,(p)=max{E(p), v} if |p|>38

and for € > 0 we choose f by
(%) = c(x) + h(x) (2.11)

where

d’k cosk.x
= 2.12
CE(X) 3, (277)1; E+ (k) +e ( )
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and

1 —cosk.x
0 EA
h(x) = | <O T e = f (277) E (ky+e (2.13)
0, X & A
Notice that the choice of A, is such that f,(x) = ¢ (0), Vx € A, where
1

c.(0) = f(z 7 LT (2.14)
We estimate | f.(p)|* by
f()F <lap)P + 2e(p)l 1A p)] + 1 p)P (2.15)
For }Z( p) the following estimate holds:
lh.(p) < Q(A) < o0 (2.16)

where Q(A) is a constant depending on A, but not on €. In fact, from the
f d’k 1—cosk.x
B

definition (2.13)
=2
L (27)" E,(p)+e (ng )f (27) (k)

and since I = {[d’k/QuYk*/E, (k)] < % [because of (2.9)] (2.16) fol-
lows with Q(A) = IS, cA(|x[*/2).

Since

lh(p) < X

xEA

OR ROET (2.17)

using (2.8), (2.15), and (2.16) we get

oK) <[ 5 F e H20M + 0 [ S E()

= ¢,(0) + D(A) (2.18)

where
d
DA =20(M) + oA [ 2L E(p)<
(1) =20(M) + QY [, TE E(p) < o0
is independent of e.
Therefore, from (2.7) and (2.18)

d 2 A* 4 + 44% \ <(O) + D(A)
|G |,_jte| < e AT c.(0)

(2.19)
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This concludes the proof since

. . d’p . d’p
lime (0y=1lm | ———— = ff =
Elixoce( ) Eu)fEJ,(p)+e © f\szE(p) *

Remarks. Since

E(p)=>, g(x)(1 = cos p.x)

with g(x) > 0 we see that for » =1 if x, 0 is such that g(x;) > 0 then
E(p) > g(xo)(1 — cos pxq) > (2g(xo)/ 7| xop* for |p| < m/|x|. [Of
course, if g(x) = 0, Vx € Z”, then automatically (d/ds)w(a,4)|,—, = 0.] For
v =2 then either there are x, = (x4, x2) and y, = (y, p3) with x§ # 0 and
v # 0 (x, may be equal to yg) such that g(x,) # 0 and g( o) % 0 and so

E(p) > g(xo)(1 = cos p.xg) + g(yo)(1 — cos p.yg) > ¢|pl*

in some neighborhood of p = 0 or then the problem can be reduced to the
one-dimensional case. In all cases we verify condition (2.9).

2.2, Cluster Properties

In this section we show how the methods of Ref. 1 and of the previous
section can be used in the derivation of bounds and cluster properties of
certain correlation functions. In general we do not expect clustering for all
correlation functions as there are models in two dimensions!'® with short-
range interactions and a continuous symmetry exhibiting long-range order.

Without Joss of generality we shall consider two regions A, =0 and
Ag D R, with AgN Ap =0, and three observables 4,D €@, , B €@,
such that

d
4=20D|_q (2.20)

i.e., in terms of local generators,
A= i[JAO,D] (2.201
The key point of our analysis is the identity

(d/ds)w(os(f)(DBR ))|s=0

w(ABg) = 70 (2.21)
provided f is chosen such that
0)#0, x€EA,
f(x)= 107 - (2.22)

0, X E Ag
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and arbitrary otherwise. In other words the action of the group is constant
in A, and is the identity in Ay.
The following choice of f is convenient:

Jr(%) = cg(x) + hp(x) (2.23)

where

4’k cosk.x — cosk.(x —2R) Ak 1 — e 2kR
cr(x) = s, 2y E, (k) - fB @2n)y’  E, (k) '
(2.24)
and
cg (0) — cr(x), XEA

hr(X) =1 — e (%), x €A, (2.25)

0, otherwise

With the above choice condition (2.22) is met. The choice of ¢; was
inspired by Ref. 10.
Bogoliubov’s inequality together with (2.21) yields

(B < Bl Bell D] ) (2.26)
* T ROP
Assuming again (i), (ii), and (iii) of Theorem 1 we have
dp 7
)| < [, e In (PIECP) 227)

Lemma. The following estimate holds:

lhx (P)] < Q(Ag, Ag)er (0)'/

where Q(Ag, Ag) < o0 is a constant depending on the sizes of A, A, (but
not on R).

Proof. From the definition of A,

. ) y 1— —~2ik.R 1— ik.x
(= 3 e f A O )0 )
xEAg B, (277) E, (k)
. v k.x — k.(x - 2R
+ 2 R d k,, cosk.x — cosk.(x )
XEAg 8, (27) E, (k)
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Using Schwarz inequality and the identity cosa — cosb = 2sin[(a + b)
/2]sin[(b — a)/2] we obtain

1/
~ d’k 1—cos2k.R
h <2 { . 1
7 (P)l xeonL fB @n)  E.(k) |

([ ”k 1 —cosk.x )1/2
@n)"  E. (k)

f &'k |sin[ k.(x — R) ]sin(k.R)|
xEAR (2 E+ (k)

<2 cR(0>‘/2( S )

xEAg

r2f, s B (.2,

where I= [p[d"k/(27)"] [k*/E,(k)]< oo as in Theorem 1. Since
SenlX] < (diam Ag)|A,, Dixen ¥ — R| < (diam Ag)|Ag|, where diam A
=max, c,|lx — y| and |A| is the “volume” of A, applying once more
Schwarz inequality we finally obtain

A ()| <2 [ (diam Ag)|A| + (diam Ag)|Ag|]11/ %, (0)'/
which proves the lemma with

Q(No» Ag) =V2 [ (diam Ag)|Ag| + (diam Ag)[Ag|]1'/% W

From (2.27) and the lemma we estimate

(K| < [ + 20 (P)|1hx (P)] + ik ()]

d’p
2’
< 2¢7(0) + 242 Q(Ao, Ar)er(0)” f ” 5 (1~ cos2p.R)"/?

+Q%(Ag, Ag)er (O)f

» (27 )
Since both integrals in the above expression are finite, uniformly in R,
it follows that

lo(K)| < a(Ag, A)eg (0) + b(Ag, Ag)er (0)'/ (2.28)

where a and b are constants independent of R.
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Theorem 2. Let j(x, y) satisfy properties (i), (ii), and (iii) of Theorem
LIfA€EGR,, BER,,, with AyN Ag =0 and 4 =(d/ds)(o,D)|;_, for
some D € @, , then

a(Bo,Ar)  B(Ag,Ap)
a® e |

where a(Ay, Ag) and b(A, Ap) are constants depending on Ay, A but not
on R.

Proof. Immediate after (2.26) and (2.28).

(4B )* < || Bgll Dl
!

Remarks. (1) The clustering of w(4Bg) is implied by the fact that
cr(0)—> 00 as [R|—> o0 if [, sd’pE(p)~' =c0 (see Lemma A2 in the
Appendix). In this case for large enough |R|, cz(0) > cz(0)'/2, and we can
rewrite the bound of Theorem 2 in a simpler form:

a'(Ag,AR)
ABp)I* < —_—r
(4B < BIBIIDI =5

(2) For one-dimensional lattice systems the results of Dobrushin!'®
imply L' clustering if 3} g(x)||x| < oo (here g is the coupling). Therefore
our results arc weaker in this case but are new in the cases where
Dixi<r&(X)|x| has logarithmic divergencies (see following section).

2.3. Applications

The discussion of this section is to provide a content for Theorems 1
and 2. In fact we shall exhibit classes of models for which conditions (i),
(ii), and (iii) are verified. Our discussion is based on Ref. 1.

We assume that to each finite region A C Z” is associated the |A]-body
interaction H(A) € @, such that foreach x € 2%, 3, . | H(A)|| < 0.

The Hamiltonian is formally defined by

H= % H(A)

Acz
in the sense thatfor4 € @, T C 2%,
[H4]= 3 [H(A)4]
TNA+-@

is well defined (the series is norm convergent in @).
Also

§s=0

Fo(OH = 5 Lo (HM)

s=0
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which in terms of local generators is

d .

o = 3 e, HW)]
and the corresponding expression for the function j(x, p) is

)= S o7 [HOI)])

Condition (i) is a consequence of [a,(x),0,(y)] = 0. The first part of

condition (ii) follows from the bound:
<IN 2 IHA)
ADx,y
so that
el = 3 1 )| < constlT ()l S [AJIIH(A)]
yar A3 x

where we assumed that sup, < ||J(X)|| < 0 and 3, 5 |A| | H(A)]] < oo for
each x € 7".

In particular if the interaction is at most N body, that is, if H(A) =0 if
|A| > N, then

(%Il < constAg |H(A)|| < oo

The second part of (ii) is a statement about the invariance of H(A)
under the symmetry o,:

o, H(A) = H(A) forall A C?Z’, whichimplies
. d
Site)= 3 o[ 70 oHw)| _])=0
Yy ADx s=0
Finally condition (iii) will follow from the uniform bound:
176 ) < AT (x = Z)IIA > IH®)
Sx,x—2

< g(2) forany x,ye€?Z’, where z=x-—y.

In the case ||[J(x)|| = ||J(0)||, for all x € Z*, and H(A) is translation
invariant the function g(x — y) may be defined by
gx—y=4JO)* X [HWQ)|
AS0,x—y

Notice that no assumption is made concerning translation invariance
either of the state w(-) or of the Hamiltonian in general.

As a more concrete application we shall now consider the simpler case
of the Heisenberg model defined in the lattice (with two-body interaction).
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To each site x & Z” there correspond spin operators $;(x), S,(x), S5(x)
with the usual commutation relations, and with 37_,82(x) = §(S + 1).
The Heisenberg Hamiltonian is given (formally) by

=%§puunyﬂsmo&oo+sxn&oﬂ+4xmywxw&oﬂ

with I,(x, y) = I,(y, ).

The symmetry group consists of rotations around axis 3, which local
generator is S;(x).

With the notation of Section 2.2 we choose

Ay = {0}, Ar=(R), D = §,(0), Bp = S§|(R)
and Theorem 2 reads

[0(S1(0)S (R < BSzc_or_lgl for |R|large
cr(0)

The denominator ¢z (0) is given, as before, by

d’k 1—cos2k.R

cr(0) =
with
E(k)y=4S8* Y (1 —cosk.x)g(x)
xer”

where g(x) is such that [7;(x, y)| < g(x — y).

We assume here that g(x) is such that E(k) has no other zeros than
k =0, so we can take E, (k) = E(k), without worrying about other singu-
larities of cg(0).

Taking |R|—>co implies cgx(0)—> co, provided [p[d"k/E(k)]= o0
{(Lemma A2 of the Appendix), the rate of divergence depending on the
singularities of E(k)~! at k = 0.

If we have

> |x[g(x) =a < o
xer”
then

E(k) <282kl 3 |x|"g(x) = 2aS?|k|"
x€EZ

and

2aS 1 —cos2k.R
d’k~1In|R|, for |R| large.
cr( (2’”) f R n|R| or |R| large
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If the »-moment of g(x) has only logarithmic divergencies, that is, for
some m > |
1 »
su x|’g(x) < o0

o In Q0,0 ..., 0 ,EQI 8(x)
where In, Q =Inln...In Q (k times), the behavior of E(k) for |k| suffi-
ciently small will be

E(k) < ClkP'In|k] 'In,|k|™" . .. In,,|k| ™!

(for a proof see the Appendix) and cx(0)~In,, . ,|R]|, |R]| large.

3. CONTINUUM SYSTEMS

In this section we briefly discuss as our results and techniques can be
extended to cover classical and quantum systems defined on the continuum
R”. We shall not discuss in this paper the features of the interaction and of
the states necessary for the assumptions involved to be valid.

Continuum systems are also described by a C* algebra @ =
Uacr, A bounded®r @nd we will also assume the existence, in the recon-
structed GNS Hilbert space, of local generators (in general unbounded
operators) J(x), x € R’, of the symmetry, i.e.,

0 (f)Ad =eDae D for 4€@,

where J(f) = [d’xf(x)J(x) with f(x)=1 for x €A [J(x) need not be
strictly localized; see Ref. 16].
As in Section 2.1 we define

o(K)= [ [dxd f(0)f(n)i(x. »)

with

Jx )= —ia([J(x),J (1)]) and J(p)= e (p)e

t=0

Theorem 3. Any state w in a continuum system satisfying Bogoliu-
bov’s inequality and
(i) Jj(x,y) is measurable and j(x, y) = j(y,x) a.e.,
(i) j(x,.) € L'(R’) and [pj(x, y)d’y =0 ae.,
(iii) there exists a function g € L'(R") such that

lj(x, )| < g(x—yp)ae.  and

d’p
= o0 forall 6§ >0
f|p|<6E(P)



The Mermin-Wagner Phenomenon and Cluster Propertles 171

where E(p) = [(1 — cos p.x)g(x)d’x, is invariant under the symmetry
group.

The proof is entirely analogous to that of Theorem 1, with a slightly
different choice of the function ¢ (x):

_cosk.x
“)= R (2 ) E(k)+ ¢ (k) (1)

with ¢(k) € CP(R”), ¢(k) = ¢(—k), ¢(k) =0 for |k| > &, for some & >0
and ¢(0) = 1.

Here we need not define E , (k) as in (2.10), due to the introduction of
the large-k cutoff ¢(k) in (3.1). Also notice that for any € >0, c.(x)
decreases exponentially fast as |x|— oo, which will ensure a “bona-fide”
definition of J(f) in most cases.

The continuum analog of Theorem 2 is the following:

Theorem 4. Let 4€@,, BE@®, , with A;N A, =0 and 4
=(d/ds)(o,D)|,_, for some D € &, . Then for any state in a continuum
system satisfying the hypothesis of Theorem 3 we have

r Ay, A Ay, AR) ]
|w(ABg)P < BID| nBRu[ Q‘(CREO) 2 Qj( (3)3/2R)J
R

where Q(Ag, Ag) and Q,(Ay, Ag) are constants depending on Ay, Ap but
not on R, and where

1 —~cos2k.R
O] oy Ry HY

with ¢(k) defined above.

Again the proof is similar to that of Theorem 2, where now

”k cos(k.x) — cos[ k.(x — 2R) ]
x() = [ @) E(k) #(k)

Here also, by Lemma A2, limg,,,cz(0) = o0 if [ 4[d"k/E(k)]
= 00, which gives clustering for w(A4Bg).

As a final remark we notice that Theorems 3 and 4 are also valid for
classical systems in the continuum case, replacing commutators by Poisson
brackets.

APPENDIX

In this section we extend some results contained in Ref. 8 and, for the
reader’s convenience, we give a simple proof of the divergent behavior of
cg(0) as |R]| > o0,
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Let Ay CZ%, »=1 or 2, be the “square” centered at the origin with
sides 2N, N integer, thatis, Ay ={—N,—-N+1,..., N}".

Lemma Al. Let E(p) =3, -z (1 — cos p.x)g(x) with g(x) > 0 and
let K(N)=73 ca |xIg(x). If supy[K(N)/InNIn,N ... In,N]<eo for
some k > 1 then, for | p| sufficiently small,

E(p) < ClpPIn|p|~'Iny| p| 72 . . . Iy | p| ™
Proof. The proof is along the lines of that of Theorem 5.5 in Ref. 8.

Since 1 — cos p.x < (1/2)|p[*|x|* and 1 — cos p.x < |p||x|,

E(p)= 2 (1 = cos p.x)g(x) + 2 (1~COSPX)g(X)

xEAy
<|pf 2 |xg(x) +2 2 8(x)
xXEAy xEAY
For M > N
M v M
x| ! )
S ogm= 3 3 Hewe< 3 L3 e
xe(Ap\Ay) n=N+1x€34, n=N+1 XEIA,
(Al)
as |x|” > n” for x €9A,,. Now
> |xlg(x)=K(n)— K(n—1)
x EJA,
and so (Al) is bounded by
M
)< 3 L [Km) - K(n—1)]
xE(An\Ny) n=N+1 17
Mol i
= - 7 K(n
n=§/':+1 h (l’l+1) ()
+ 55 K(M) = — LS K(N)
MY (N+1)
M—1
1 (n)
SpKAn+3 3 (A2)

But
K(n) < Clnnlnyn .. . Ingn (A3)
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and hence

L KO
Mgnw M’

Taking the limit M — co in (A2) and using (A3) and (A4) gives

=0 (Ad)

Inrlnym .. . Ingn o Inxln,x ... In, x

Z g(x) <3C 2 — <3C e dx

xEAY n=N+1 n N X

Integration by parts yields

Inxlnx...1
w InxIn,x mx
xv+l
=11l yNmN. . ;N
v NV 2 K

+%fN°° x”l“ (Inpx ... Inpx + Inyx ... Iy x + - - - + 1)dx  (A5)

If N is sufficiently large
InN >In,N > -+ - >IN >2
which leads to

wnxln,x ... ln.x 2 1
<
-fz-v i dx 51 N InNIn,N...In N

By choosing N = [| p| '] we conclude the proof. W
Remark. For the one-dimensional case (¢ = 1) better bounds can be
obtained'" for particular g(x). For instance, if g(x) = C/(1 + x?) then

x=2w(1 - cos p.x)g(x)

*  sin (px/2) o SIN (px/2)
=4C <4C|[  —
le j(; I+ x?

~aclp [ (yﬁ) <aclpl[* Y oy < cons

which improves the bound from Lemma Al.

Lemma A2. Let G(x) be a continuous function on B, — {0} such
that G(x) > 0 and [, G(x)d"x = o0. Then

R—>o0 JB

lim f(l — c0s2R.x)G(x)d"'x= o
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Proof. Let |R|,=max{R', ..., R"}. For R+0 let us divide R”
into cubic regions with sides of length « /| R|,,, such that x = 0 is the center
of one such region, and let [, j=1,..., N(R), be those cubes contained
in B,, not including the cube centered at x = 0. Then

N(R)
fB(l — cos2R.x)G(x)d"(x) > 3, J;(l —cos2R.x)G(x)d’x
v j=1%
N(R)

> > [minG(x)]fI.(l —cos2R.x)d"x

j=1Lx€
N(R)

= |I.l{minG x ]
3 ][ minGe

since f,jcosZR.xd” =0.
But as R— oo we have that |R|,—> oo and hence

N(R)
P lljl[)rgl}jG(x)}aLyG(x)d"F o W
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